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Preliminaries on E(Zy), part 1

o Let N=T]7_; pi be a squrefree number coprime to 6.

o The projective plane P?(Zy) is defined to be the set of equivalence
classes of primitive triples in Z3, (i.e., triples (x1, X, x3) with
ged(xq, X2, X3, N) = 1) with respect to the equivalence:

(x1,X%2,X3) ~ (V1,Y2,¥3) iff (X1,X2,X3) = U(Y1,Y2,¥3)

for a unit u € Zy,.
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Preliminaries on E(Zy), part 2

o An elliptic curve over Zy is given by the short Weierstrass
equation E : y?z = x3 + by xz? + b, 23, where by, b, € Zy and the
discriminant —16(4b3 4 27b2) € Zj,.

o The point O= (0:1:0), called the zero point, belongs to E(Zy).

o Let V(E(Zn)) ={(x,y) € E(Zn)} U{O} be the set of finite points
in E(Zy) along with O.

o For each equivalence class (point) (x: y:z) € E(Zn)\ V(E(Zn))
the gecd(z, N) is a nontrivial divisor of N.
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Preliminaries on E(Zy), part 3

o Let E(Zp,) be the group of Zy,-rational points on the reduction E
mod p; for primes p; | N.

o If E(Zy) is the set of points in P?(Zy) satisfying the equation of E
then by CRT there exists the bijection

S

Q: E(ZN)—>HE(ZPI.) (1)

i=1

induced by the reductions mod p;.

@ The points (x : y: z) € E(Zn), with z € Z§;, can be written as
(x/z:y/z:1)and are called finite points.

o The set E(Zy) is an additive group for which ¢ is a group
isomorphism, which in general can be defined using the so-called
complete set of addition laws on E.
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Preliminaries on E(Zy), part 4

In order to add two finite points P, Qe E(Zy) we can also use the

same formulas as for elliptic curves over fields in the following case:
for o(P) = (Py,...,Ps) and ¢(Q) = (Q,...,Qs) € [I5_, E(Zp,) if either
Q; # +P;jor Q= P;and Q; # —P;, for each i.

Then
x,—3+@:/12—x,—3—x@ (2)
Ypra=A(Xp—Xp,a) — Vp 3)
where
2 — YQ yP

if Qi # +P; for each i, or/l_3x e if Q= P;and Q; # —P; for each i.
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Preliminaries on E(Zy), part 5

o Let P,Q e E(Zy) and if R = P+ Q is finite then the formula (1)
give the coordinates of the resulted point R.
Otherwise, either we find a nontrivial divisor of N or prove that all
local orders ordR; are equal to each other fori=1,2,...;s.

@ The the familiar ECF is based on the computation of points in E
over Zy with the hope of obtaining the nontrivial divisor of N
provided some local order of point P € E(Zy) is Y—smooth
number for subexponential size of Y. In this connection we
choose randomly x, y and by, while b, is determined by the
equation of the curve over Zy,.

o Throughout the presentation we let Ay := 6(4b3 + 27b3) be
coprime to N and P € E(Zy), while in case when s = 2 then ¢
sends the point P to ¢(P) := (P, P).

NuTMiC 2024 Szczecin, 25 June 2024
J. Pomykata (WAT, MIMUW) Preliminaries on E(Zy) and partially smoothr  8/56



Preliminaries on E(Zy), part 6

o Let N=pq, where3<p<g<vpforafixedd>1and Y =Y(N).

@ The largest Y-smooth divisor of m is denoted by sy (m).

@ The computation of finite point mQ takes O(log m) adding
operations in E(Zy). Hence for Y-smooth number m = my
represented as my = p,fk ...3%2% where e; = g;(N) is the highest
exponent of p; such that p,-e" does not exceed
min(p, q) +2+/min(p, q) + 1, the computation of my Q takes

< logN Y log(p;) = O(Blog N) = B' () (4)

i<k

additions in E(Zy) in view of the PNT, as N — .

@ Looking more carefully = that one can decompose N = pq in
time Y2+°(1), provided the local orders of point P € E(Zy),
ordP # ordP’ differ on some power of prime / < Y, which we
state alternatively as sy (ordP) # sy(ordP’).
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Classical compositness and factoring withesses

o We consider first the classical case corresponding to the group Zj,
and important from cryptological point of view case N = pq.

o The Fermat-Euclide (compositness) witness for N is a € Zj,
satisfying the condition

v/(ordpa) # v/(ordgqa),

for some prime / | ordya, where v,(m) is the highest exponent
of / dividing m.
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Classical factoring witness, part 2

@ The first challenge in general is to focus on small values
a< A= A(N), reducing the problem of factoring N to small values
of Dirichlet character’s non-residues or more generally small
generating sets of Zj,.

@ The second one concerns small values of / < B = B(N), related to
well known Pollard’s p— 1 or Williams p+ 1 methods of factoring.
Both A and B-aspects are important in the deterministic approach
to factoring integers.

@ We will exploit the second approach for the "shifted" primes of the
form r+1—ag(r), where r € {p,q} and ag(r) is the Frobenius
trace of E modulo r. In what follows we use the equality
o(P) = (P,P"), for P € E(Zy) refering to the the familiar Lenstra’s
ECF method for N = pq.
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Partially smooth numbers: (B, 3, D)—smooth and
(B,B,D,c)—smooth

The maximal Y—smooth factor of mis called shortly Y —factor of m.
Moreover we call m (B, 3, D)—smooth if it is D—smooth and

SB(IT)) >mb.

We call m (B, 3, D,c)—smooth, if (in principle) additionally we have
that (m/sg(m))* < D°, where d* denotes the maximal squarefree
factor of d. We use the notation (/,B,, D, o) to underline that m € I.
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Partially smooth and admissible elliptic curves over
ZN-

@ By B—smooth, (B,,D)— or (B,f,D,c)-smooth elliptic curve over
Zy we mean the curve E whose some local order is such number.

@ Restricting yourselves to Y—smooth curves we state the more
involved definition. Namely let 0 <y <1 and ¢ = ¢(¢) be fixed.
We call Y—smooth elliptic curve E (Y,y)—admissible if the
following conditions hold

ged(Ep, Eq) > N2/ ()

and
1 < min(ag(p), ae(q)) < c(9)N'/* 72, (6)

The admissible elliptic curves play the significant role in investigating
the separating witnesses for N and finding decomposition N = pq.
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PolylogN conditional factoring results

Theorem 1 (Dieulefait, Jimenez Urroz 2020) |

Given N = pq, arbtrarily small € > 0 and elliptic curve E(Zy) uniformly
at random, there exists a polynomial time algorithm that with input N
and the factorization of Ey outputs the factors p and q with probability
1—e¢.

In fact having Ey with Q(En) = O(loglog N) the algorithm can be
derandomized and runs in deterministic polylog(N) time by the
Coppersmith result.
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PolylogN conditional elliptic Fermat approach - Part 1

The classical Fermat’s factoring method allows to efficiently (in
deterministic time polylogN) factor a positive integer N provided

N = nyn> = pq, where the absolute value of ny — n, is of order of
magnitude N'/4, since then we are able to find the related divisor close
to /mnz =VN.

Considering the linear forms of type F* := F*(a,b) = ap+ bq, where
the coefficients a, b are related to the given elliptic curves E(Zy) and
E(Zq) respectively, one can deduce the conditional factoring results
applying the extension of Fermat idea for the above linear forms with
coefficients a,(E) or E;, where r € {p,q}.
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Polylog(N) conditional factoring results - Part 2

Theorem 2 (Pomykata, Zotnierczyk 2024)

Let N = pq, where p, q are sufficiently large, q € [Mp,2Mp), where
M < N'/3 and Ey be given. Then we have

(i) Let A={ap(E),aq(E)}. Assume that for some D = D(N) >1/2,
some ac Aand b= A\ {a} we have

1

Then we can factor N in deterministic time

i

(= 1(M. D, 85(E). aq(E)) = (log N) ") (M <1 NEGELGEN)
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Theorem - cont. Part 3

(ii) Let d|gcd(Ep, Eq) be given.
Let N, Ey and d | gcd(Ep, Eq) > 1 be given. Assume that for some
a and |6;| <1, s# d, s| d?, the following condition

S\2 1 64
(5) =1+p <D2) ©)
holds true and
p_Ep_ B 6>
9 E q <D+ D2 10)

for some B = B(a) and |65| < 1.

Then we can detect p, q in deterministic time 2%(<) M/ (jog N)O(),
In particular letting M = polylogN and D = ©(N'/*) we compute
the decomposition N = pq, in deterministic polynomial time,
provided 29 = (JogN)©°(").
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Separating witnesses and separating sets, part 1

Definition 3
Let E be B-smooth elliptic curve. The point P € E(Zy) is called
(E, B)-separating witness if
sg(ordP) # sg(ordP’), (11)
where ¢(P) := (P,P’).

Definition 4

Let E be (B, B, D)-smooth elliptic curve. The point P is called
(E, B, D)-separating witness if it is (E, D)—separating witness but not
(E, B)—separating witness for N.
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Separating withesses and separating sets, part 2

o Let Y be either Bor D (D > B) and
lre[r+1—=Vrr+1+/rlCl=[r+1=-2Vr,r+1+21].

o The set Xis called (E, Y)-separating set if it contains some
(E,Y)—separating witness P. ltis (E, B, D)—separating set if it is
(E, D)-separating but not (E, B)-separating set.
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PolylogN factoring result, part 1

Using only the equations E, =r+1—ag(r) for r € {p,q} the
knowledge of E, for some r does not imply the decomposition N = pq
in polylogN time.

However it is implied by the Coppersmith method (1994). Below we
state the result on a weaker conditions sufficient to decompose N = pq
in polynomial time.

In this point we see the connection with the factoring N with the
knowledge Ey := EpEq and the oracle factorization discussed further.
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PolylogN factoring result, part 2

Theorem 5 (Pomykata, Zotnierczyk 2024)

Letye[0,1/4) and N = pq > N, is sufficiently large, where
p < g < ¥p. Assume that we know the value d such that
(i) d:=gcd(sp(Ep)sa(Eq)) > N2~ 2
or
(i) d = sg(ordR) = sg(ordR') > Nz~% for some y € [0,1/4),

where .

1 < min(ag(p), ae(q)) < c(9)N+ "2 (12)
for some c(®) > 0 and R € E(Zy). Then the decomposition N = pq
can be discovered in deterministic plynomial time polylogN.

The same conclusion holds provided r/sg(E;) = (log N)°(") for some
re{p,q}.
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PolylogN factoring result - Main idea, part 1

@ The main step of the proof is the following. By the familiar
(mentioned above) arguments we can exceed this complexity
bound to polynomial time, provided either the greatest common
divisor of B-factors of E, and E, is large (and known), or the
B-factors of local orders ordP and ord P’ of the point P € E(Zy) are
the same and large (which in fact implies the (B, y)—admissibility
of E).

o Now let d = gcd(Ep, Eq). Then Ep = drp, Eq = dEg and
representing N in base d we have

N = cy+cid+ cod?. (13)
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PolylogN factoring result - Main idea, part 2

Letting f, = ag(r) — 1 for r € {p,q}, we obtain

N = pq = (drp+ae(p) —1)(drg+ae(q) — 1)
where 1,15 > 0.
Thus the coefficients rp, rq, tp, tq are uniquely defined by ¢; (i =1,2)

provided all they are in the interval [0,d) and one can compute them in
polylogN time solving the relates system of equations.

NuTMiC 2024 Szczecin, 25 June 2024
J. Pomykata (WAT, MIMUW) Separating witnesses and separating sets 24/56



Separating sets and (E, B)-factoring

o We recall that X is called separating set for N if it contains a
separating witness for N.

@ By Gx we mean the subgroup of E(Zy) generated by the set X
and Ggx being the homomorphic image of X under the
homomorphism ol sending the point (P, P'), to (Q,Q’), where
Q—S(E)PandQ’ £

o Let X C E(Zy) be nonempty. Below we state and prove the results
on the sufficient condition for the set X to contain some
(E, B)-separating witness and, as a consequence the
decomposition N = pq in deterministic time |X|B2+°(1) as N tends
to infinity.
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Result on (E, B)-factoring

The following theorem shows the sufficient condition for E over Zy
guaranteeing the existence of the separating witness in the set X.

Theorem 6 (Jurkiewicz, Pomykata, Prabucka, Zotnierczyk 2024) |

Let N = pq, where p < q < ®p, E(Z,) is cyclic group for each
re{p,q}. Assume that for a set X, 0 <n < 1/2 and for some

(explicitly determined) constant ¢ = ¢(?}), we have that Ggx is cyclic
and we have

|Gx| > N'-" (14)

and
sg(E;) > c(9)r?". (15)

Then the set X is (E, B)-separating set and in deterministic time
1X|B2+°(") one can discover decomposition N = pq.
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Separating sets, admissible curves and
(E, B, D)—factoring

Let B< D, X be the (E, B, D)-separating set, 8 € [0,1] and
0 <y<min(1-j,1/4).

o Let E over Zy be either B-smooth or (B, 3, D)-smooth.
If Eis (B, B, D)-smooth elliptic curve then some local order E, is of
type E, = sg(E;)q, where g > 1 is composed of primes / € (B, D].
The (E, B, D)-separating witness P for N has some local order
ordP or ordP’ of the type m = sg(m)q, where q # 1.

@ The significant role in the estimation of deterministic time factoring
N is played by the following condition used in the definition of
(Y,y)—admissible elliptic curve E over Zy, namely that

E (16)

RN

1 <min(ag(p),ae(q)) < c(¥)N
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Result on (E, B, D)—factoring

Theorem 7 (Jurkiewicz, Pomykata, Prabucka, Zotnierczyk 2024) |

Let N = pq > Ny be sufficiently large, where p < q < 9p and
B < D < B?. Then we have
(i) Let E be B-smooth elliptic curve over Zy and P be
(E, B)-separating witness for N. Then one can decompose N in
deterministic time B>+°(1),
If P is not (E, B)-separating witness then we have

ordP = sg(ordP) = sg(ordP’) = ordP’' = ordP (17)

and one can factor N in additional deterministic time polylogN
provided for some 0 < y < 1/4 the equation (16) holds true and
ordP > N'/2-7/2 (the last implies that E is (B,y)- admissible elliptic
curve).
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Cont.

(i) Let E be D-smooth elliptic curve. If X is (E, B, D) separating set
then one can decompose N = pq in deterministic time
1X|(BD)'+°(), as N — . Moreover if the finite point P € X is
(E, B)— decomposition witness for N, then one can find the prime
power representation of its order in deterministic time B2t°(1), as
N — oo,

(ii) Let E be (B, 3, D)-smooth elliptic curve. If Gx C E(Zy) is cyclic
group, |Gx| > N'~7 and X is not (E, D) separating set, then one
can compute the generator Py € Gy such that at least one of local
orders ordP, or ord P} is greater or equal to N'/2-7/2,in
deterministic time |X|BD'*°(") ag N — oo,

Moreover, if

1 < min(ag(p), ae(q)) < c(9)N+ (18)
then E must be (B, y)-admissible and if 0 <y < min(1/4,1— ),
then one can decompose N = pq in deterministic time
| X|polylogN.
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(E,B,B,D,c)—factoring for subexponential B and D

Inspired by Lenstra’s ECF method (1987) we can extend it for

parameters B = D°/? where ¢ € [1,2] and 8 < min (1 ,0° ,'gg,’f,) to
obtain the average-case time complexity that is not worse than
Lenstra’s L(20p + 0(1),r).

Namely let B = L(a,r) < D= L(a,r), where ag = 1/+/2. The analysis
of the distribution of D-smooth local orders E; applies the condition

sg(Er) > EP and that (Er/sB(Er))* does not exceed D°.
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Cont.

Counting the fraction of triples T = (x, y, by) € Z3, such that the elliptic
curve Eg over Zy is (Ir, B, B, D, c)-admissible, and assuming the
conjecture that this fraction is equal

MEEE.

o0y

+o0(1), r>.

one obtains the possible improvement of the average-case time
complexity L(2c + o(1),r) provided 6, > 25(%{;‘)’2 with the choice
B=D°/2

NuTMiC 2024 Szczecin, 25 June 2024
J. Pomykata (WAT, MIMUW) Separating witnesses and separating sets 31/56



Schedule of presentation

@ Preliminaries on elliptic curves over Zy and partially smooth
numbers

o Separating witnesses and separating sets
o Multiplicative functions approach
o Oracle factorization and rigorous approach

NuTMiC 2024 Szczecin, 25 June 2024
J. Pomykata (WAT, MIMUW) Separating witnesses and separating sets 32/56



f—admissibility, classical example

Let f be a multiplicative function. The generalization of partially smooth
numbers with respect to f are related to f(n) = E,.

Definition 8 |
Let N be fixed. The positive integer mis called (f, B, 3, D) or
(f,B,B,D,c)—admissible if f(p) is (f,B,p,D) or (f,B,,D,c)—smooth
number for some p | N.

Example. For f(n) being the Euler ¢(n) or divisor function ok (n) the
investigation were done by Zrafek (2010), Bystrzycki, (2018)
concerning the deterministic time reduction of factorization problem to
computing the above functions f(n), respectively. The approaches
were classical (without the application of elliptic curves). The second
approach applied the additive combinatoric method.
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Multiplicative functions approach

Let f be a multiplicative function. The general problem of deterministic
factoring of N € N, to investigate the efficient factorization of N
provided f(N) is known, where N € N, (m—factoring) or N € N
(ordinary factoring).

@ In general, the problem of deterministic polylogN factoring is not
within the reach of current methods except from the particular
cases concerning f or m

o The reasonable weakening is to consider the tuple f = (fi,fo,.... )
of multiplicative functions f; and the tuple of positive integers

N := (Ny, Nz, ..., Np) such that (f;(N;))i<k j<n are known.

o Particularly interesting cases are when k =1 or h = 1 (when the
vector of functions or arguments is trivial).
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Towards the oracle factoring

@ The values of f;(N) can be the iterations of the given function f in
different points N;

o The values f(N;) can be regarded as oracle querries

o Decomposition N = pq provided for some a with (a/N) = -1 we
know both Ep and

ER = (p+1—-ae«(p))(g+1—ag«(q)) =

(oo ()1 (5)0)

o The above idea can be extended for arbitrary N provided we
assume GRH (see below)
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Factoring with probability 1 — ¢

Lemma 9 (Lamzouri, Soundararajan (2015)) |
Let m be an integer and p a prime not dividing m. Assuming GRH,
there exist d < (logmp)? such that (%) =—1and(g)=1.

Now using the properties

En=]](p+1—ap(E))
pIN

& =1 (p+1-(2)al®).
pIN p

and writing the ratio EN/E,‘\”, in irreducible form a/b we find the values

pf p+1—ap(E) and p+ 1+ ap(E) in deterministic time D(polylog(N)),

provided gcd(p+1,8p(E)) < D. The last condition is fulfilled with

probability 1 — & in view of result by Lenstra (1987). We obtain
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cont.- Result
Theorem 10 (Jimenez Urroz, Pomykata, 2023)

Let N be a squarefree integer. Then, assuming GRH, counting the
number of points on elliptic curves modulo N allows to find the
complete factorization of N with probability bigger than 1 — € for any
e>0.

The randomized polynomial time follows with the choice

D = (log N)O).

Above we have applied the special case of the signature sig(d, #?) with
exactly one term equal to —1, with &2 being the set of prime divisors of
N defined by the sequence (in increasing order of primes coprime to d)

wen-((2),)

and search for the elliptic curves satisfying the condition
gad(p+1,ap(E)) < A.
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Rigorous approach and (E, A, p)—exceptional
numbers

The rigorous approach is looking for an algorithm algorithm 7
factoring almost all N < x in deterministic time t = polylog(N),
unconditionally.

Definition 11

The squrefree number N is called (E, A, p)—exceptional if p| N and
the condition ged(p+1,a,(E)) < A does not hold.

Instead of the the assumption GRH we try to estimate the number of

N < x which are the (E, D, p)—exceptional for some p | N. This can be
done by analytic number theory methods.
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Signatures and patterns

For a finite set of primes & we define the classical signature as the

following sequence
sig(d, ) = <d>
p peP?

with primes of 2 in increasing order. The special cases of & related
to N play the significant role, namely &2 being the set of prime divisors
of N.

Above the special role played the signatures with exactly one term
equal to —1. In the following section we consider the analogous notion
for elliptic curve E.
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Definition 12
The sequence

e (), )

is called the elliptic signature (wrt. &2).

On the other hand an arbitrary sequence
S=58(2):=(Sp;, " Spy)

where s; € (—2/pi,2/pi) for p; € 2 (i < k) is called the &?—pattern.
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Lower bound for conductors Ng

Let Q be sufficiently large. We define the function N(S, Q) counting the
number of g < Q for which there exist an elliptic curve E = Ej, of
conductor g and signature S. Let a = 0,1688... and P be the product
of all primes p € 2. We have

Theorem 13 (Dgbrowski, Pomykata, Pujahari 2022) |

Let € be arbitrary (sufficiently small) positive constant. Assume that
P <eQ'/® and S = S(2) be realizable by some elliptic curve E = Ey
of minimal discriminant |Ag| < €Q. Then we have the lower bound

05/6705
N(S7 Q) >e T
This says that there are many elliptic curves E = Ej with bounded
conductor Ng < Q with the fixed signature S(E, #?) = S. The case of
one-term signature is relating to the above condition
ged(p+1,ap(E)) < A and consequently to the distribution of
(E,A, p)—exceptional numbers above.
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Examples of f;(N;) sequences

Let L(s,E) =Y ,ae(n)n—* be the Hasse-Weil L—function of elliptic
curve E(Q). We let f(N) = ag(N) # 0. Then the problem of factoring

N € N, can be solved in deterministic polylogN time provided we know
the values of f(N/) for j = 1,2, ..., m. Here the essential tool is the
recurrence formula

f(p"*") = f(p)f(p") — pf(p" ")

(Bach, Charles, 2007, Chow, 2015). On the other hand, let N be
coprime to 6Ag and

f(N) = En = EpEq = (p+1—ae(p))(g+1-ae(q)),

where Ag is the minimal discriminant of E(Q). Then N can be
decomposed (conditionally) in polylogN deterministic time (Dieulefait,
Urroz, 2020 provided o(Ey) is relatively small and Pomykata,
Zotnierczyk 2024 if Q(gcd(Ep, Eq)) is relatively small).
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Separating primes and witnesses

Definition 14
The prime / is called P—separating prime for N if

vi(ordPp) # v/(ordPy).

Alternatively we call P the /—separating witness for N

o The least P—separating prime /, (/ < B) has played the significant
role in the above discussion
o The particular case / = 2 is particularly interesting

@ Also the application on the reduction of factoring N to the number
of points on twists of superelliptic curves given by the affine
equation yX = f(xy,...,Xy) is admissible (Dryto, Pomykata 2017 ).
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2—adic separation, for N € Ng, probabilistic approach

The interesting question is to give the lower bound for the number of
2—separating witnesses for N. It is proved that the related fraction is
> 1/3, namely we have

Theorem 15 (Dryto, Pomykata 2019)

Let E/Zy be an elliptic curve with even order |E(Zp,)| for some
1 <i<s. Suppose that P € E(Zy) satisfies

Vo (ordP;) # vo(ordP;) for some i, j, (19)

where ¢(P) = (Py,...,Ps). If ep is an exponent of P, then computing
ep, using the double-and-add method we find a divisor of N in
deterministic time (log N)'*°("), as N — < and we have

#{P € E(Zy) : P satisfies (19)}/|E(Zy)| > % > % (20)
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Counting functions and rigorous approach

@ Oracle factoring represents the polynomial time reduction of
factorization problem to computing the exponents of points
P € E(Zy) or the multiples of Ey.

@ For a given algorithm A the function F(x,t, A) counts the number
of N < x, which are factored by A in deterministic time < t.

@ Finding the algorithm A factoring the positive density of integers
N e Ny, N < x in polynomial time t that is to prove the lower bound
Fi(x,t,A) = Ni(x)(1+0(1))

for t = polylogN is beyond the reach of current methods (cf.
Knuth, Trabb-Pardo 1976, Pomerance 1982, Adleman, McCurley
1987, Hafner-McCurley, 1989.)
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Cont.

o For the analogous counting function the realistic is the asymptotics

Fi(x,ta, A, O, ta, to) = Ni(x)(1+0(1))

as N — oo. The real problem here is to prove the asymptotics with
relatively good error term for deterministic algorithm A where ty
and tp are (log N)°"). For this we use the counting functions of
smooth numbers N € Ng.
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Evaluations of smooth numbers in Ng

We have the following inequalities for y-smooth numbers N < x, where
N € Ng (Dryto-Pomykata, 2019).

Theorem 16

For arbitrary fixed integer s > 2, any 6 € (0,1), c€ (0,1) and y
satisfying the following condition

3<y<exp ((|OgX)6) (21)
we have
(o4 X =1
2(s)! log X ((1 —9) 'Og'ogx) < #Ns(x, )
1 .
< m Ing(|og |ogx) 1 7 (22)

where x > xy(c, 0, ) is sufficiently large.
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Twists of elliptic curves-failure set

Assuming we have the oracle OrdEll we need the upper bound for the
set of numbers N € Ng, N < x, which are not factored in deterministic
polylogN time by the given algorithm A (called failure set).

It is related to the above approach with multiplicative functions

fi(N) =TTpn(p+1—ag(p)), where af := ag(p) (%)) and o; are
coprime to N.

The case of arbitrary N € N is harder and is considered below.
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Schedule of presentation

@ Preliminaries on elliptic curves over Zy and partially smooth
numbers

o Separating witnesses and separating sets
o Multiplicative functions approach
o Oracle factorization and rigorous approach
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MultEll (N, B, M)-oracle

First we describe a MultEll (N, B, M)-oracle which we assume is
available to us. Let

Ep: y? = x(x? — b)

be an elliptic curve over Z,. By the Chinese remainder theorem we

see that for a square-free n, the number of solutions E(n, b) to the
congruence

y2=x(x*~b) mod N, (x.y) € Z3,
is given by
E(n.b) = []#(En(Zp)), (23)
pln

provided that gcd(b,n) =1,
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MultEll (N, B, M)-oracle, cont.

Definition 17 (MultEIll(N, B, M)-oracle)
Given the parameters B, N and M, for each integer n < N it returns
o a positive multiple
keE(N,b) <M,  ky€N,

of E(n,b) given for every b < B with gcd(b, n) =1, if n square-free
O an error message x xx, if N is not square-free.
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Theorem 18 (Dgbrowski, Pomykata, Shparlinski, 2023)

Let
V257 —15
16

be fixed. Assume that for a sufficiently large integer N we are given a
Multell (N, B, M)-oracle where

2<y<2+ 0<1/4

B = (log N)", M = N°()

Then there is a deterministic algorithm that finds a nontrivial factor
of all integers n < N with at most N/(log N)® exceptions, in polynomial,
deterministic time O((log N)?(W+°() where

9y—17
8(7/2)}

p(y) = max {V+ 2,
and O ((log N)") oracle queries.
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Definition 19 (MultEll*(N, B, M)-oracle)

Given the parameters B, N and M, for each N < N, it returns
o a positive multiple

kF(n,B)<M, keN,

of
F(n,B)= [] E(n,b),

if nis square-free;
@ an error message x  , if nis not square-free.
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Theorem 20 (Dgbrowski, Pomykata, Shparlinski, 2023)

There are some positive constants ¢ and C such that if for a sufficiently
large integer N we are given a (N, B, M)-oracle, where

B = clog NM = NOB),

then there is a deterministic algorithm that finds a nontrivial factor
of all integers n < N with at most N(log N)~¢/'glogloeN exceptions, in
polynomial, deterministic time log®*°(") N, with only one query of the

MultElF (N, B, M)-oracle.
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Oracle’s parameters

@ The parameter y controls the size of B (B < (log N)¥) and the
preliminary sieving by the small primes p & [log N, exp(log N)?],
where 0 < § < 1/4). Moreover M < NO(1).

o In the second theorem B = O(log N) and M = N9(58).
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Thank You

jacek.pomykala@wat.edu.pl; pomykala@mimuw.edu.pl
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